The energy spectrum of the lepton(s) in e + e − → tt → ℓ ± · · · /ℓ + ℓ − · · · at next linear colliders (NLC) is studied for arbitrary longitudinal beam polarizations as a possible test of new physics in top-quark couplings. The most general nonstandard couplings for γtt, Ztt and W tb vertices are considered. Expected precision of the non-standard-parameter determination is estimated applying the optimalobservable procedure. a)
Introduction
The discovery of the top quark has completed the fermion spectrum required by the electroweak standard model (SM). However, it is still an open question if the top-quark interactions obey the SM scheme or there exists any new-physics contribution. Because of its huge mass, m exp t = 175.6 ± 5.5 GeV [1] , the top quark decays immediately after being produced. Therefore the decay process is not influenced by any fragmentation effects and the decay products carry lots of information on the top-quark properties.
The energy distribution of the final lepton(s) in e + e − → tt → ℓ ± · · · /ℓ + ℓ − · · · turns out to be a useful tool to analyze the top-quark couplings [2] . Indeed it has been frequently studied in the literature over the past several years [3] - [7] .
Most of those articles focused, however, on CP -violating effects only, and did not assume the most general form for the interactions of γtt, Ztt and W tb. Considering this situation, we have performed in our latest work [7] a comprehensive analysis taking into account both CP -violating and CP -conserving non-standard top-quark couplings.
In this paper, extending the previous work for arbitrary longitudinal e ± polarizations, we present a systematic way to determine the non-SM parameters describing the general top-quark couplings to vector bosons. In our recent paper [8] we have discussed non-SM contributions to tt production and decays emerging from effective four-Fermi interactions for polarized e + e − beams. Therefore, with the present work we will complete a full analysis of non-SM effects in top interactions for polarized e + e − beams in model-independent way, where beyond-the-SM physics is parameterized by the effective SU(3) × SU(2) × U(1) symmetric lagrangian [9] . This paper is organized as follows. First in sec.2 we describe the basic framework of our analysis, and give the normalized single and double lepton-energy distributions. Then, in sec.3, we estimate to what precision all the non-standard parameters can be measured using the optimal-observable method [10] . Adopting two sets of non-SM-parameter values we show in detail how effective the use of polarized beams could be for receiving better precision. Finally, we summarize our results in sec.4. In the appendix we collect parameters and functions used in the main text for completeness, though they could also be found in our previous papers [5, 7, 8] .
The lepton-energy distributions
We can represent the most general tt couplings to the photon and Z boson as
where g denotes the SU(2) gauge coupling constant, v = γ, Z, and
and δD γ,Z are parameterizing CP -conserving and CP -violating non-standard interactions, respectively.
On the other hand, we will adopt the following parameterization of the W tb vertex suitable for the t → W + b andt → W −b decays:
where P L/R = (1 ∓ γ 5 )/2, V tb is the (tb) element of the Kobayashi-Maskawa matrix and k is the momentum of W . It is worth to mention that the form factors for top and anti-top satisfy the following relations [11] :
where upper (lower) signs are those for CP -conserving (-violating) contributions.
For the initial beam-polarization we follow the convention introduced by Tsai [12] :
where N(e −(+) , h) is the number of e − (e + ) with helicity h in each beam. ♯1 Using the notation adopted in ref. [7, 8] for unpolarized beams we introduce the following constants (which are coefficients in the angular top-quark distribution for e + e − → tt):
where D V,A,VA , E V,A,VA , F 1,2 and G 1,2 are combinations of the form factors in eq.(1).
They are collected in the appendix for readers' convenience. In the following, we use as input data M W = 80.43 GeV, M Z = 91.1863 GeV, m t = 175.6 GeV, sin 2 θ W = 0.2315 [1] and √ s =500 GeV. Now let us give the lepton-energy spectrums, which can be derived similarly to those for unpolarized beams [5, 7] by applying the standard technique [14] (see also [4] ), in terms of the rescaled lepton-energy x introduced in [4]
where E ℓ and β are respectively the energy of ℓ and the velocity of t in e + e − c.m.
frame.
Single distribution
The normalized single distribution is given by
Here σ eē→tt ≡ σ tot (e + e − → tt), B ℓ is the leptonic branching ratio of t (≃ 0.22 for ℓ = e, µ), and ± corresponds to ℓ ± . The coefficients c ± i on the right-hand side are given by
♯1 Note that P e + is defined with the opposite overall sign in some other papers (see, e.g., [13] ).
V,A,VA , ξ ( * ) is the CP -violating parameter in the production process which is defined in a similar way as ξ used in [4, 5] :
and a i are defined as
On the other hand, the functions f i (x) are
where η ( * ) is defined as
f (x) and g(x) are functions introduced in [4] , while δf (x) and δg(x) are functions derived in our previous work [5] , which satisfy the following normalization conditions:
We recapitulate them in the appendix. The functions f i (x) are shown in fig.1 for unpolarized beams. In addition f 1,3 (x) have P e ± dependence through η ( * ) , so we present them in figs.2 and 3 respectively for P e − = +1 vs P e + = 0/+1 and for P e − = −1 vs P e + = 0/−1 as examples. ♯2
♯2 P e + = 0 and +1(−1) give the same η ( * ) and consequently the same f 1,3 (x) when P e − = +1(−1). Figure 2 : The function f 1 (x) for P e − = +1 vs P e + = 0/+1 (solid line), for P e − = −1 vs P e + = 0/−1 (dashed line) and for no polarization (dotted line).
Double distribution
The normalized double lepton-energy spectrum is given by the following formula:
where
and
(1) 
] and a ′ i being defined as
VA .
The functions f i (x,x) are plotted in fig.4 for unpolarized case. Since f 1,3,6 (x,x) depend on P e ± through η ( * ) and/or η ′( * ) , we also show them in fig.5 for Figure 4 : The functions f i (x,x) defined in eq.(10) for P e − = P e + = 0.
vs P e + = 0/+1 (on the left side) and for P e − = −1 vs P e + = 0/−1 (on the right side) as examples. Figure 5 : The functions f 1,3,6 (x,x) for P e − = +1 vs P e + = 0/+1 (on the left side) and for P e − = −1 vs P e + = 0/−1 (on the right side).
It can be observed from the figures that the shapes of the functions f 1,3 (x) and f 1,3,6 (x,x) vary substantially with the polarization of the initial beams. Therefore it is justified to consider determination of the coefficients c i (through energy-spectrum measurements) for various polarizations since one can hope that carefully-adjusted beam-polarization may increase precision of the analysis. ♯3 ♯3 Getting higher statistics is also a reason for considering polarized beams.
The optimal observables
Let us briefly summarize the main points of the optimal-observable technique [10] . Generally, different choices for w i (φ) are possible, but there is a unique choice so that the resultant statistical error is minimized. Such functions are given by
Suppose we have a cross section
where X ij is the inverse matrix of M ij which is defined as
When we take these weighting functions, the statistical uncertainty of c i -determination (through dσ/dφ measurement) becomes
where σ T ≡ (dσ/dφ)dφ and N is the total number of events.
Numerical analysis
We apply the above procedure to the single and double distributions found in sec.2. From the theoretical point of view, perfectly-polarized beams (P e + = P e − = ±1) are the most attractive. However, those are difficult to achieve in practice, especially for the positron beam, therefore we shall discuss the following two cases:
(1) P e + = 0 vs P e − = 0, ±0.5, ±0.8 and ±1,
(2) P e + = P e − (≡ P e ) = 0, ±0.5, ±0.8 and ±1.
First, we shall consider the single distribution. Using eq.(13) for dσ ± /dx we can obtain ∆c ± 2,3 , the statistical errors for the determination of c ± 2,3 , as a function of the expected number of detected single-lepton events N ℓ . For a given integrated luminosity L and lepton-tagging efficiency ǫ ℓ one has N ℓ = B ℓ σ eē→tt L ℓ eff , where L ℓ eff ≡ ǫ ℓ L (in fb −1 units) is the effective luminosity. In the following we use ǫ ℓ = 0.6 and L = 100 fb −1 as an example of realistic experimental constraint, ♯4 and estimate σ eē→tt within the SM by using α(s)(≃ 1/126). Table 1 : Expected statistical errors in c ± 2,3 measurements and the number of the single-lepton-inclusive events N ℓ for beam polarization (1) P e + = 0 vs P e − = 0, ±0.5, ±0.8 and ±1, (2) P e + = P e − (≡ P e ) = 0, ±0.5, ±0.8 and ±1 at √ s = 500 GeV. N ℓ has been estimated within the SM for ǫ ℓ = 0.6 and L = 100 fb −1 .
In table 1 we present ∆c ± 2,3 and N ℓ for the above ǫ ℓ and L with the described configurations of beam polarization. From table 1, readers might conclude that the use of polarized beam(s) is quite effective providing higher precision, especially negatively-polarized beams seem to be most suitable. Indeed, this is the case for c ± 3 measurement. When Re(f R 2 ) = Re(f L 2 ) = 0.1 for example, N SD = |c ± 3 |/∆c ± 3 , statistical significances for an observation of c ± 3 , becomes 2.0 for P e − = −1 and 3.0 for P e = −1, which means we can expect 2σ and 3σ confidence level respectively. However, for a given set of non-standard couplings, the coefficients c ± 2 vary with polarization. Therefore we should discuss their N SD inevitably instead of statistical ♯4 Assuming L = 100 fb −1 is in fact quite conservative since the integrated luminosity as high as 300 fb −1 is being recently discussed [15] as a realistic possibility. errors only. We will consider the following two sets of the couplings in tables 2 and 3: ♯5 Table 2 : Statistical significance of c ± 2 measurement for beam polarization (1) P e + = 0 vs P e − = 0, ±0.5, ±0.8 and ±1, and (2) P e + = P e − (≡ P e ) = 0, ±0.5, ±0.8 and ±1, and the parameter set (a) Re(δA γ ) = Re(δA Z ) = Re(δB γ ) = Re(δB Z ) = Re(δC γ ) = Re(δC Z ) = Re(δD γ ) = Re(δD Z ) = 0.1 at √ s = 500 GeV. ♯5 One may notice that certain entries (some of c i coefficients) in tables 2 and 3 are identical. Indeed two polarization scenarios considered here provide for these cases exactly same values for c i . Therefore, comparing statistical significances for them one can see the net effect of different statistics, as the expected number of events is different for the cases. The same will also apply to tables 5 and 6. Table 3 : Statistical significance of c ± 2 measurement for beam polarization (1) P e + = 0 vs P e − = 0, ±0.5, ±0.8 and ±1, and (2) P e + = P e − (≡ P e ) = 0, ±0.5, ±0.8 and ±1, and the parameter set These tables show that the use of negatively-polarized beam(s) is not always optimal: for the parameter set (a) a good precision in c + 2 measurement is realized when P e < 0, but even in this case the precision in c − 2 measurements becomes better for P e > 0 or even P e = 0 (table 2). Moreover in case (b) both c + 2 and c − 2 get the highest precision for P e = +1 (table 3) . Therefore one should carefully adjust optimal polarization to test any given model of physics beyond the SM. In any case one can conclude that (as far as the coefficient sets discussed here are concerned) the appropriate beam polarization provides measurements of c ± 2,3 at least at 2σ and 3σ level for P e + = 0 and P e + = 0, respectively except for c − 2 in case (a) (table 2), where |c − 2 | becomes tiny due to an accidental cancellation. We can perform similar computations for the double lepton distribution. Results are presented in tables 4, 5 and 6. |c 3,6 |/∆c 3,6 can be easily estimated from table 4 once Re(f R 2 ) and Re(f L 2 ) are fixed. On the other hand, c 2,4,5 have polarization dependence themselves, so we need tables 5 and 6 in order to draw a meaningful conclusion, where the statistical significance for c 2,4,5 has been presented. Again some of c i in tables 5 and 6 are identical as in the case of the single lepton channel. Table 4 : Expected statistical errors in c 2,3,4,5,6 measurements and the expected observed numbers of the double-lepton-inclusive events N ℓℓ for beam polarization (1) P e + = 0 vs P e − = 0, ±0.5, ±0.8 and ±1, (2) P e + = P e − (≡ P e ) = 0, ±0.5, ±0.8 and ±1 at √ s = 500 GeV. N ℓℓ has been estimated within the SM for ǫ ℓ = 0.6 and L = 100 fb −1 .
Among the coefficients for the double-leptonic spectrum, c 2,3 are CP -violating parameters. Since c 3 does not depend on the beam polarization as already mentioned, one can just say (from table 4) that 3σ effects could be observed for
. On c 2 one has to conclude from tables 5 and 6 that for both sets of non-standard couplings its determination would not be easy for the assumed luminosity, as its statistical significance reaches at most 1.7. This is due to the smaller number of detected events in this channel as it could have been anticipated. Still we can say that the use of polarized beams is very helpful to increase precision. Indeed, if we are able to achieve L = 300 fb −1 as discussed in [15] , then |c 2 |/∆c 2 would reach 3.0 for P e = −1 in case (a) and for P e = +1 in case (b), while we have only |c 2 |/∆c 2 = 1.1 if the beams are unpolarized. On c 4 we are also led to a similar conclusion to c 2 , but c 5 determination is different. That is, the statistical significance for c 5 measurement can reach 2.0 for P e = −1 (case (a)) and 3.3 for P e = +1 (case (b)). This is quite in contrast to that for c 4 , which is less than 2 as one can see from tables 5 and 6. Table 6 : Statistical significance of c 2,4,5 measurement for beam polarization (1) P e + = 0 vs P e − = ±0.5, ±0.8 and ±1, and (2) P e + = P e − (≡ P e ) = ±0.5, ±0.8 and ±1, and the parameter set (b) Re(δA γ ) = −Re(δA Z ) = Re(δB γ ) = −Re(δB Z ) = Re(δC γ ) = −Re(δC Z ) = Re(δD γ ) = −Re(δD Z ) = 0.1 at √ s = 500 GeV.
Summary and comment
Next-generation linear colliders of e + e − , NLC, will provide a cleanest environment for studying top-quark interactions. There, we shall be able to perform detailed tests of the top-quark couplings to the vector bosons and either confirm the SM simple generation-repetition pattern or discover some non-standard interactions. In this paper, assuming the most general (CP -violating and CP -conserving) couplings for γtt, Ztt and W tb, we have studied in a model-independent way the single-and the double-leptonic spectra for arbitrary longitudinal beam polarizations. Then, the optimal-observable technique [10] has been adopted to determine non-standard couplings through measurements of these spectra.
We found (i) the use of longitudinal beams could be very effective in order to increase precision of the determination of non-SM couplings, however (ii) optimal polarization depends on the model of new physics under consideration, therefore polarization of the initial beams should be carefully adjusted for each tested model.
Since we have already carried out a similar analysis of possible consequences emerging from effective four-Fermi interactions eē → tt and t(t) → bℓ + ν(bℓ −ν ) in [8] , this paper completes a full estimate of non-SM-top-interaction effects in a modelindependent way for polarized e + e − experiments.
Finally, let us give a brief comment on the effects of radiative corrections. All the non-standard couplings considered here may be generated at the multi-loop level within the SM. In fact, CP -violating couplings δD γ,Z and Re(f R 2 −f L 2 ) requires at least two loops of the SM, so they are negligible. However, CP -conserving couplings δA γ,Z , δB γ,Z , δC γ,Z and Re(f R 2 +f L 2 ) could be generated already at the one-loop level approximation of QCD. Therefore, in order to disentangle non-SM interactions and the one-loop QCD effects it is important to calculate and subtract the QCD contributions from the lepton-energy spectrum, this is however beyond the scope of this paper.
